We study disformal transformations of cosmological perturbations by vector fields in theories invariant under U (1) gauge transformations. Three types of vector disformal transformations are considered: (i) disformal transformations by a single timelike vector; (ii) disformal transformations by a single spacelike vector; and (iii) disformal transformations by three spacelike vectors. We show that transformations of type (i) do not change either curvature perturbation or gravitational waves; that those of type (ii) do not change curvature perturbation but change gravitational waves; and that those of type (iii) change both curvature perturbation and gravitational waves. Therefore, coupling matter fields to the metric after disformal transformations of type (ii) or (iii) in principle have observable consequences. While the recent multi-messenger observation of binary neutron stars has singled out a proper disformal frame at the present epoch with a high precision, the result of the present paper may thus help distinguishing disformal frames in the early universe.
I. INTRODUCTION
Inflation is arguably the most promising scenario of the early universe, by which various conceptual issues in the standard big-bang cosmology can be addressed. By definition it assumes an extended period of accelerated expansion of the universe followed by a graceful exit, which requires an inflaton field measuring the time remaining till the end of the accelerated expansion. Thus the system describing inflation should include not only a metric but also an inflaton field at least, and may include more fields. The inflaton field may have non-trivial couplings to matter fields, and in some cases the effects of derivative couplings may be summarized as the existence of an effective metric to which matter fields are coupled minimally. Out of a metric g µν and a scalar field φ (if the inflaton is a scalar), one can indeed construct an effective metric of the form g eff µν = A(φ, X)g µν + B(φ, X)∂ µ φ∂ ν φ ,
where X = −g µν ∂ µ φ∂ ν φ/2 and A (> 0) and B are functions of φ and X [1] . The transformation from g µν to g eff µν is called conformal if B = 0. Otherwise, it is called disformal. While the conformal/disformal transformation is by itself nothing but a change of variables, coupling matter fields to g eff µν instead of g µν may have observable consequences. One can in principle consider conformal/disformal transformations by a field describing the effects of dark energy. In this case the transformation is again given by (1) but φ is now considered as a field responsible for the accelerated expansion of the present universe. Then, the recent multi-messenger observation of binary neutron stars [2, 3] puts a stringent constraint on the choice of the function B(φ, X), often called a disformal factor, if ∂ µ φ is non-vanishing at the present epoch. Namely, if ∂ µ φ = 0 at the present then the standard model of particle physics should couple to a frame in which the speed of gravitational waves agrees with the speed of light within the accuracy of O (10 −15 ) [4] . In this sense the observation has singled out a proper disformal frame at the present epoch with a rather high precision.
On the other hand, a disformal frame in the early universe has not been singled out by observations so far. One thus might hope that cosmological perturbation might be a probe of disformal frame in the early universe, especially during inflation, since it is cosmological perturbation that connects theoretical predictions of inflationary models with observations. For this reason, many authors have investigated disformal transformations of the spacetime metric by a scalar field [5] [6] [7] [8] [9] [10] [11] [12] In the literature there are models of inflation in which not only scalar fields but also vector fields play important roles, for a review see [13] . This is well-motivated as in theories of high energy physics and particle physics vector fields (actually gauge fields) play important roles so one naturally expects that they may play important roles during inflation as well. Correspondingly, in those models, vector fields may participate in the disformal transformation between the original metric and the effective metric. We call such a transformation a vector disformal transformation.
In this work we consider theories invariant under a U (1) gauge transformation so the vector fields are actually the U (1) gauge fields. We consider three types of vector disformal transformations: (i) disformal transformations by a single timelike vector; (ii) disformal transformations by a single spacelike vector; and (iii) disformal transformations by three spacelike vectors. We then investigate the way in which inflationary cosmological perturbations transform under each of them. We find that transformations of type (i) do not change either curvature perturbation or gravitational waves; that those of type (ii) do not change curvature perturbation but change gravitational waves; and that those of type (iii) change both curvature perturbation and gravitational waves.
The rest of the paper is organized as follows. In Sec II and Sec III we investigate disformal transformations of cosmological perturbations by a single timelike vector and a single spacelike vector, respectively. We then consider disformal transformations by three spacelike vectors in Sec IV. Sec V is devoted to a summary of the paper and discussions.
II. A SINGLE TIMELIKE VECTOR
In our setup we have a complex scalar field φ which is charged under a U (1) gauge field A µ with the dimensionless charge coupling (electric charge) e. Our motivation in this work is to extend the previous studies of disformal transformation to models containing a charged (complex) scalar field which is gauged under a U (1) gauge field. On the physical grounds, one expects the scalar fields in particle physics to be charged under some gauge fields. In addition, symmetry breaking, such as the Higgs mechanism, is a common phenomenon in early universe and high energy physics. Under a U (1) symmetry breaking the gauge field acquires a longitudinal component by eating one degree of freedom from scalar field. In our setup this is achieved by the term e 2 |φ| 2 A µ A µ which generates an effective mass term for the gauge field. As we shall see, this effective mass term plays important roles in physical properties of the new disformally transformed metric.
With this discussion in mind, we consider the following disformal transformation
where the conformal factor is fixed to unity, λ is an arbitrary constant factor and the covariant derivative D µ φ is defined as
with D µ φ denoting its complex conjugation. We decompose the complex scalar field into the radial and angular parts as follows
Therefore, the disformal metric is simplified to
One can check that not only the action and the equations of motion but also the disformal transformation (5) is invariant under the following U(1) gauge transformations
This freedom allows us to choose the unitary gauge in which θ = 0 and then the disformal transformation is further simplified to
In this section we choose a timelike form of the gauge field at the background level and set
In this background the spacetime retains its SO(3) rotation invariance with the usual isotropic FLRW metric
where N (t) is the lapse function and a(t) is the scale factor. The disformal transformation (7) changes the above line element into the form
We can rewrite the line element (10) in the following form
Therefore, under the timelike vector disformal transformation, the scale factor remains unchanged, while the lapse function changes.
To study the disformal transformation at the perturbation level, we decompose the perturbation of the gauge field as
where i = x, y, z; M is a scalar and A T i is a vector satisfying the transverse condition δ ij ∂ i A T j = 0. The general form of metric perturbation has the following form
Here, A, B and E are scalar perturbations, B i , E i are vector perturbations satisfying the transverse conditions
, and h ij is the transverse traceless tensor perturbation satisfying δ jk ∂ k h ij = 0 = δ ij h ij . In appendix A, we have presented the prescription to determine the h ij part of the perturbed metric.
Under the disformal transformation (7), the perturbed metric transforms as
Similarly to the original perturbed metric Eq. (14), we represent the disformally transformed perturbed metric as
By comparing the components of the line element d s 2 with (15), we obtain the tilde variables as follows
In the present paper we suppose that the system is described by a diffeomorphism invariant theory such as general relativity. This means that physics is invariant under the infinitesimal coordinate transformation
where ξ µ is infinitesimal. By taking appropriate combinations of metric perturbations and the perturbations of the scalar and the gauge field we can define the gauge invariant variables. In appendix B we have presented the coordinate transformations of the metric, the scalar field and the gauge field perturbations in details.
Using the forms of coordinate transformation of these variables, we find the following gauge invariant scalar and vector variables
where H =ȧ/(aN ) is the Hubble expansion rate. The tensor variable h ij is gauge-invariant by itself. In addition, one finds the following gauge invariant variable associated with the gauge field perturbations
while A T i is gauge-invariant by itself. Now, we calculate the gauge transformations of tilde-variables with the new gauge parameter ξ µ . The corresponding gauge transformations are also listed in appendix B. Using these transformations, one finds the following gauge invariants for the tilde variables
where H =ȧ/(a N ). Since N H = N H and ψ = ψ, one immediately finds that δ ρ flat = δρ flat , δÃ 0 flat = δA 0 flat and
Noting that the curvature perturbation is proportional to δ ρ flat , we conclude that the curvature perturbation is invariant under this disformal transformation. In addition, we also have shown above that the tensor perturbation h ij does not change. Therefore, we conclude that the curvature perturbation and tensor perturbations are not affected by the disformal transformations (7).
On the other hand, we find
Therefore, after disformal transformation, A flat , Σ and Σ i change depending on A 0 andρ. Comparing to the standard perturbation theory with N = 1, the gauge invariant variable Σ is the anisotropic shear. On the other hand, the gauge invariant variable A flat is related to the Bardeen potentials Φ and Ψ [14] via
We end this section by concluding that the curvature perturbation is invariant under disformal transformation while the Bardeen potential A flat is not. Our result is consistent with that obtained in [6, 9, 10] for disformal transformation from timelike derivative of a scalar field.
III. A SINGLE SPACELIKE VECTOR
In this section we consider a model of gauge field with a non-vanishing background spatial component, say along the x-direction, where
On the other hand, we suppose that ρ is homogeneous, i.e. ρ = ρ(t), at the background level. This setup is motivated by models of anisotropic inflation in which a background electric field energy density is turned on during inflation. As shown in [15] if one chooses an appropriate coupling between the inflaton field and the gauge field kinetic term the system reaches the attractor regime in which the electric field energy density reaches a small but nearly constant fraction of the total energy density. In this limit, one can obtain a long period of anisotropic inflation which can have interesting observational implications. In particular, these models predict quadrupolar statistical anisotropy in the power spectrum of the curvature perturbation which is constrained by cosmological observations; for a review of related works see [16] .
Since the background is anisotropic the metric is in the form of Bianchi type I with the following line element
where N (t) is the lapse function and a(t) and b(t) are two scale factors. Correspondingly, we have two Hubble expansion rates H a =ȧ/(aN ) and H b =ḃ/(bN ). The disformal transformation (7) changes the background metric into the the form
We can rewrite the line element (36) in the form
This result shows that the spatial part of the metric in the y − z plane is unchanged under the disformal transformation. However, the lapse function and the component of the metric along the direction of the background gauge field A µ are modified. The background gauge field A x breaks the SO(3) symmetry group down to SO(2). The remaining SO(2) rotational symmetry in the y−z plane allows us to decompose the perturbations into two-dimensional vector and scalar parts. However, in this two-dimensional decomposition, there is no tensor part. Indeed, the three-dimensional tensor perturbations will be restored from the combination of a two-dimensional scalar and a two-dimensional vector perturbations of the metric when the background becomes isotropic, e.g. at the end of inflation [17, 18] .
Because of the residual two-dimensional rotational invariance in the y − z plane, we can choose the comoving momentum of modes in Fourier space to have the following form
For the scalar and vector parts of the gauge field perturbation, one can choose respectively [18] δA scalar µ
The most general form of the metric perturbation can be written in the following manner [18, 19] 
where p, q = y, z. Here, A, β, B,ψ, γ, ψ and E are scalar perturbations while B p , E p and Γ p are vectors with respect to rotations in the isotropic y − z plane satisfying the following transverse conditions
Therefore, applying these conditions, and noting that k z = 0 in our convention, the metric perturbations are represented as
The above form of metric perturbations yields the following line element
On the other hand, the perturbed parts of the disformal transformation (7) yield (15) . Therefore, under the disformal transformation, the perturbed metric transforms to
(47) At this step, we rewrite the perturbed line element in the same form as Eq. (46) d
in whichÑ andã are determined at the background level by (38) and (39). By comparing the components of the line element d s 2 with (47), we obtain the tilde-variables as follow
As in the previous section, we again take appropriate combinations of the metric perturbations and the perturbations of scalar and gauge fields to define the gauge invariant variables. In appendix C we have presented the coordinate transformations of metric, scalar field and gauge field perturbations. For the metric defined in (45) one finds the following gauge invariant scalar variables [18] 
where p = y, z and the subscript G indicates that the corresponding variables are gauge invariant. Correspondingly, one can also calculate the coordinate transformations of the tilde-variables with the new coordinate transformation parameter ξ. The transformations are presented in appendix C. Using these transformations, one finds the following gauge invariant variables
where H a =˙ a/( N a) and H b =ḃ/( N b). Since N H b = N H b and ψ = ψ, it is obvious that δρ flat = δ ρ flat . In the following, we are interested in studying the effects of disformal transformation on the gravitational wave (GW) modes. In appendix A we provide a closed form expression for the GW modes defined as the transverse-traceless part of the perturbation of the spatial metric. By this expression one can find the GW mode in the 2d decomposition. Indeed, by using (A4), it is straightforward to extract the transverse-traceless part of the spatial metric perturbation around the Bianchi I background as
and
These results show that γ G and Γ i G are two GW modes in the isotropic limit, i.e. in the limit H a = H b . After realizing the nature of γ G and Γ i G , we now calculate γ G and Γ i G in terms of γ G and Γ i G . The connection between gauge invariant GW modes in both frames help us to realize how the power spectrum of GW changes under disformal transformations. After straightforward calculations for p = z we get
where
with
One can check that δA T , ∆γ G and ∆Γ zG are gauge invariant.
In cosmological observations, one usually considers the correlation functions of the physical variables. With this motivation in mind, we calculate the power spectra of GW γ G γ G and Γ zG Γ zG in new frame. The results are presented as follows
The correlation and cross-correlation terms can be obtained by choosing a specific model of anisotropic inflation and expanding the action, including the interaction terms, up to second order, e.g. as in [17, 18] . From these analysis we conclude that, unlike the curvature perturbation, the gravitational waves are affected under the disformal transformation. The key parameter is e 2 ρ 2 A 2 x which comes from the "Higgs mechanism" and which causes the gauge field to acquire a longitudinal mode. Having said this, we further notice that at the end of inflation and reheating the gauge field transfers its energy to radiation, so once the isotropy is restored, we will have A x = 0. As a result, the difference under disformal transformation actually disappears and we conclude that the two frames become identical after the restoration of isotropy after inflation.
IV. THREE SPACELIKE VECTORS
In the previous sections we have set θ = 0 by utilizing a gauge freedom. If one further assumes that
e.g. by supposing that a U (1) symmetric potential for the complex scalar φ has a minimum at |φ| = 0 with a sufficiently large mass, then D µ φ = ieρA µ and the metricg µν after the disformal transformation (2) is simplỹ
In this section, for simplicity we start with this form of the vector disformal transformation and then extend it to the system with three vector fields, A a µ (a = 1, 2, 3). One may then consider this extended system with three vectors as the ρ a = const. = 0 limit of the system with three sets of charged complex scalar fields with U (1) gauge symmetry. This brings us to the following extension of the disformal transformation :
Let us now introduce a background solution on which to perform the perturbative analysis. Because we now have three space-like vectors, we can preserve the isotropy of the metric. Hence, we consider a isotropic FLRW background, already defined in (9) .
We must also choose a background for the set of three spacelike vectors which we will denote A a µ , where a runs from 1 to 3. This is a little less trivial as we must in principle find a solution that fits the metric (9) . However, this was done in [20] so we will set ourselves within the inflation solution that was constructed in the paper. Thus, at the background level we impose
which we notice is a set up that preserves isotropy in the physical space. Then, the transformation (78) transforms the background (9) into the form :
Hence, at the background level, the disformal transformation only affects the scale factor. As a consequence, the Hubble expansion rate after the disformal transformation is
We can now proceed to introduce linear perturbations. For the metric, we take the standard perturbations of FLRW as in (14) . For the vectors A a µ we take the following perturbations as defined in [20] :
where the vector and tensor perturbation variables satisfy the transverse and traceless condition, namely 0 = δ
We are now ready to investigate the effect of the disformal transformation on the perturbation variables that we defined. We express the new metric g µν by injecting in the disformal transformation (78) the expression of the perturbed metric (14) and the perturbed vectors (83), while keeping terms up to first order in perturbations. We then obtain the following expression :
where, while A is invariant under the disformal transformation, other components of metric perturbations transform asψ
Perturbations of the four-vectors A a µ , given by (83), are not affected by the disformal transformation. As we shall see below, however, the corresponding gauge-invariant variables are not necessarily invariant under the disformal transformation.
Using the transformation laws derived in Appendix D, we can construct the following set of gauge invariant variables:
It is easy to see that h ij , t ij , U i , U are gauge-invariant by themselves. The number of independent components in these sets is 18, which is what is expected since our initial perturbation variables carried 22 degrees of freedom and we must subtract the 4 that can be gauged out.
We now inject (85) in the variables (86) to find how the gauge invariant variables transform :
While the disformal transformation is by itself nothing but a change of variables, coupling matter fields tog µν instead of g µν may have observable consequences. The transformation laws given in (87) then gives an insight of the way the actual observables may change. This can tell us if the two frames are distinguishable at the level of perturbation. In the case of a single timelike vector considered in Sec II and in the case of a timelike derivative of a scalar field considered in the literature [6, 9, 10] , curvature perturbations are invariant under disformal transformations and thus we cannot differentiate which frame we live in this way. Here, for example, tensor perturbation, which essentially are gravitational waves, are not invariant by the disformal transformation. Indeed, they mix with the tensor perturbations of the 4-vectors. Thus, if we have a theory where two disformally related frames are involved, by analyzing gravitational waves measurement we may obtain some insight concerning the frame where matter couples. Of course, beyond that, (87) provides the freedom of choosing a disformal frame that simplifies the computations.
If we compare these results with what was obtained in Section II we notice the transformations actually contain a few similarities. Indeed, both conserve the isotropy of the metric, but do so in different ways : on the one side by introducing a time-like vector which do not affect the space sector, on the other side by introducing a set of 3 space-like vectors, which affect the space sector but in an isotropic way.
These different effects are most noticeable at background level : in Section II the scale factor a is unaffected while the lapse function changes. Conversely, in this section, the lapse is unaffected while the scale factor changes. As for the perturbation variables, both cases change A f lat and Σ. However, the tensor perturbations h ij are invariant in the time-like case, while we saw that they are not when we consider 3 space-like vectors. This is due to the fact that, unlike the case we considered in this section, the single time-like vector does not introduce any tensor perturbation with which gravitational waves may mix.
V. SUMMARY AND DISCUSSIONS
In this work we have studied disformal transformation in models containing a complex scalar field which is charged under a U (1) gauge field. As argued before, in theories of high energy physics the scalar fields are expected to be charged under gauge fields. Because of the Higgs mechanism, the gauge field acquires an effective mass by absorbing one scalar degree of freedom. As we have seen, this phenomenon has non-trivial effects for disformal transformation.
We have studied three classes of models. First, we studied disformal transformation in models which contain only a timelike vector field. Since the background is isotropic, the classifications of metric perturbations in terms of the scalar, vector and tensor perturbations are the same as in standard FLRW backgrounds. We have seen that neither the curvature perturbation nor the tensor perturbations are modified under disformal transformation. This is in par with previous studies of disformal transformation containing only (real) scalar fields.
In second example, we considered disformal transformation in models containing one spacelike vector field. This example is motivated from models of anisotropic inflation in which a background electric field is turned on during inflation. These models generally predict statistical anisotropies in curvature perturbation power spectrum. Since the background is anisotropic the spacetime metric is in the form of Bianchi type I. One can decompose the metric perturbations as the scalar and vector perturbations under the rotations of the isotropic two dimensions. In addition, one scalar and one vector degrees of freedom combine to furnish the two polarizations of the final tensor perturbations after inflation. We have found that the curvature perturbation remains invariant under disformal transformation in this example. However, the tensor perturbations are affected under disformal transformation. The key parameter is the effective mass of the gauge field e 2 ρ 2 A µ A µ . However, this modification does not survive after inflation when the background gauge field transfers its energy to radiation and the universe becomes isotropic. Having said this we conclude that, in principle, when one has a spacelike vector field one expects the tensor modes transform non-trivially under the disformal transformation.
In the third example we studied disformal transformation in models containing three spacelike vectors. We assigned to each gauge field an additional index which can play the role of color for each species. This consideration allows to keep the background isotropic so the spacetime metric is in the form of the FLRW metric. We have seen that again the key parameter is the effective mass of the gauge field which is identified by the parameter q in this example. We have shown that both curvature perturbations (more specifically the gauge invariant scalar perturbations) and the tensor perturbations are modified under the disformal transformation.
We comment that the second and the third examples studied above are the first cases in literature so far where the tensor perturbations or curvature perturbations are affected under disformal transformation. Mathematically, this is because we have considered disformal transformation via the covariant derivative D µ φ = ∂ µ + ieφA µ which is the physical derivative when the scalar field is charged under the U (1) gauge field. This in turn explains why the quantity e 2 ρ 2 A µ A µ , arising once the gauge field acquires its longitudinal mode after absorbing one scalar degree of freedom, appears non-trivially in disformal transformation of physical quantities.
Here, we review how metric and gauge field components change under coordinate transformations. Under a general coordinate transformation x µ → x µ + ξ µ , the metric perturbations transform as
where L ξ denotes the Lie derivative with respect to ξ µ given by
For the background defined in (9) and with decomposition ξ µ = (ξ 0 , δ ij λ ,j + ξ i ⊥ ) with ∂ i ξ i ⊥ = 0 one can derive the gauge transformations of the perturbed metric (14) in the following manner
As for the gauge field perturbations, we have
where A µ is the timelike background gauge field and
In our case the gauge field perturbations transform under coordinate transformations as
The gauge transformation of scalar field perturbation is given by
One can also check that the tilde metric perturbations transform as
with respect to the gauge parameters ξ µ = ( ξ 0 , δ ij λ ,j + ξ 
ψ →ψ +ȧ a ξ 0 + λ ,xx ,
On the other hand, the gauge field perturbations transform under coordinate transformations as
and the gauge transformation of scalar field perturbation is given by δρ → δρ −ρξ 0 .
with respect to the gauge parameters ξ µ = (ξ 0 , λ ,x , δ pq Λ ,q + ξ p ⊥ ).
